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Let 0 = { 1.0) and for each integer n > 1 let R, = 0 x J2 x ... x R (n-tuple) and 
0: = ((a,, o2 ,.... ~,)/(a,. uz ,..., a,) E R, and JJll, ai = k) for all k = 0, I,..., n. Let 
lymtm,, be a sequence of i.i.d. random variables such that P(Y, = 0) = 
P(Y, = I) = f. For each A in 0,. let T, be the first occurrence time of A with 
respect to the stochastic process ( Ymtm>, . R. Chen and A. Zame (1979. J. 
Multivariate Anal. 9, 15&157) prove that if n > 3, then for each element A in R,. 
there is an element B in 0, such that the probability that T8 is less than T, is 
greater than 4. This result is sharpened as follows: (I) for n > 4 and 1 < k < n - 1. 
each element A in 8:. there is an element B also in 8: such that the probability 
that r, is less than T,,i is greater than f; (II) for n > 4 and 1 ( k < n ~ 1, each 
element A = (a,. a2 ,..., a,) in Q:. there is an element C also in J22 such that the 
probability that T,J is less than r, is greater than 4 if n # 2m or n = 2m but 
ui = ai+, for some 1 < i < n - I. These new results provide us with a better and 
deeper understanding of the fair coin tossing process. :a 1984 Academic Press, Inc. 
For each A = (a,, a, ,..., a,) and B = (b,, b, ,..., b,) in a,,, we define 
AoB= 2 2jsj, (1) 
j=l 
where for each j, 1 <j < n, cj = 1 or 0 according to whether (b,, bz,..., bj) = 
(an-j+l, un-j+2r”*r a,) or not. Since E, = 1 if and only if A = B, we see that 
A oA > A o B and B o B > B o A when AfB. This is illustrated by the 
example A=(l,O,O,l,l), B=(O,l,O,O,l), AoA=34, BoB=36, 
A o B = 0, and B 0 A = 18, which also shows that “0” is not commutative. 
We need the following lemma from [l] to prove our main theorems. 
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LEMMA 1. If A and B are two distinct elements in L?,, then 
P(T, < T,)(B o B -B o A) = P(T, < T,)(A o A -A 0 B). (2) 
Proof. We omit the proof which is given on pages 151 and 152 of [l] 
via a sequence of lemmas, the first of which states that E(T,) = A 0 A. 
THEOREM 1. If n > 4, 1 < k < n - 1, and A = (a,, a, ,..., a,,) is an element 
in a:, then there is an element B also in Qf: such that 
P(T, < r/J > P(T, < T,). (3) 
Actually, if a, = a, or a, # a,, and a, = a,, , for some 1 < i < n - 1, then 
We can choose B = (a,, a, ,..., a,-,), and if n = 2m and 
a,=a,=...=a,,_,#a,=a,=..‘=a,,, then we can choose B = (a,, a3, 
a2, a,, a,, as,..., a,). 
ProoJ By Lemma 1, it suffices to show that there is an element B in Qk, 
suchthatAoA-AoB>BoB-BOA. 
For the cases that k = 1 or n - 1 and A = (a,, a,,..., a,,) in Qz, then 
a,=...=ai-,=ai+,=... = a, # ai for some 1 < i < n, and B = (a,,, a,, 
a,,..., a,-, ) is also in Qi. If 1 < i < n/2, then A 0 A = 2” + C$: i 2’, 
AoB=Cj=,2’, BoB=2”+xjE,2j, and BoA=2”-,+xj:f2j. Hence 
AoA-AoB=~~-~~>~*-~*-~+~‘=BoB-BoA since 1<i<n/2 
and n>4. If i=n/2, then AoA=2”+~~~:2j, AoB=xj=,2j, BOB= 
2”+C:l~2j,andB~A=2”-‘+C:1:2j. HenceAoA-AoB=2”-2’> 
2”-2”~‘zj3oB-B0,4 since i= n/2 and n > 4. If n/2 < i < n, then 
AoA=2”$CJ’-;2j, AoB=Cj”:f2’, B o B = 2” + x;;f- ’ 2j, and 
BoA=2”-‘+C~~f-‘2j.HenceA oA-AoB=2”>2”-2”~‘=BoB- 
B o A. Therefore, (3) holds. 
Now suppose that 2 ,< k < n - 2 and A = (a,, a*,..., a,) is in Qi. There 
are three cases to be considered. 
CaseI:a,=a,. In this case, we let B = (a,, a,, a2 ,..., a,_,). Now we 
write AoA=Cr=,2jej,AoB=CJ=,2jeI, BoB=Cy=,2’dj, and BOA= 
FTC, L’dj’. Notice that for any p = 1, 2 ,..., n - 1, if (a,,, a ,,..., a,_,) = 
a,, apt, ,..., a,) then (a ,,..., an-& = (a,,, ,..., a,). Hence if EL-,,, = 1 
then &n-P = 1 for any p = 1, 2,..., n - 1. Notice that for any p = 1, 2 ,..., 
n - 2, if (a,,a ,,..., anpp-,)=(ap,ap+, ,... ,a,-,) then (a,,...,a,-,-,)= 
(a p+ 1 ,..., a,-, ). Hence if d,-, = 1 then dL-p-, = 1 for any p = 1,2 ,..., 
n-2. Since 2< k<n- 2, a, =a2 = .:. =aj#aj+, for some 1 <j< 
n-2. Since a,=a,=...=aj#aj+,, E;-~+,=O for allp=l,2 ,..., j+l. 
Hence A o A -A o B = 2” + ~~~~2”-P~,_p-~~=,2n-p+‘e~-p+, > 2” + 
C,“i,‘+2 2”-P&,-p - Ci=j+2 2n-p+‘&~-p+, > 2” - 2”-j-‘&~-jp] > 
2” - 2”-j-,. Similarly, d,-, = 0 for all p = 1, 2 ,..., j + 1 since a, = a, = . . . = 




n-p-l < 2” - 2”-’ + 2”-jW2 since dA_, = 1. Therefore, A o A - 
AoB>BoB-BoAand(3)holds,sincej>l. 
Case II: a, # a,, and ai = a,, 1 for some 1 < i < n - 1. In this case, we still 
let B = (a,, a, ,..., a n- J. Using the same argument used in the proof of 
Case1 above, we can show that ADA-AoB>2”-a”-‘-’ and BOB- 
BoA<2”-2”-‘+2”-i-2 since a,#a, and ai=ai+, for some l<i< 
n-l.Therefore,AoA-AoB>BoB-BoAand(3)holds,sincei~l. 
CaseIII:a,#a,,n=2m,anda,=a,=~~~=a2,~,#a,=a,=~~~=a2, 
for some positive integer m>2. In this case, we let 
B = (a,, a3, a2, a4, a,,..., a,). Then A0A=Cim_~2~j, AoB=O, 
2 B 0 B = 22m, and B 0 A = Cj”=; 2 2j. Hence AoA-AoB>BoB-BOA 
and (3) holds. 
The proof of Theorem 1 is now complete. 
Remark. From the proof, we can see that Theorem 1 is false if n = 3. 
For example, if n = 3, k= 1, and A = (l,O, 0), then P(T, < T,) > 
P(Tc < T,) and P(T, < T,) = P(T, < TA), where C = (O,O, 1) and 
D = (0, l,O). Therefore, there does not exist an element B in Qi such that 
P(T, < T,) > P(T, < TB). 
THEOREM 2. If n > 4, 1 < k < n - 1, and A = (a,, a, ,..., a,,) is an 
element in L$, then there is an element C also in Qi such that 
W’c < T,) < P(T, < T,), (4) 
z~(i)n#2mor(ii)n=2mbutai=ai+,forsome1~i~n-1,wheremis 
a positive integer >2. Actually, we can choose C = (a2, a, ,..., a,,, a,). 
Proof: By Lemma 1 again, it suffices to show that there is an element C 
inR;suchthatAoA-AoC<CoC-CoA. 
For the cases that k= 1 or n - 1 and A = (a,,a,,..., a,) in Qi, then 
a, = . . . =aiel =a. 1+1 = ... =a,#ai for some 1 <i<n and C=(a2,a3,..., 
a,,, a,) is also in @. As in the proof of Theorem 1, it is easy to show that 
A o A -A o C < C o C - C o A. Hence (4) holds. 
Now suppose that 2 <k< n - 2 and A = (a,, a,,..., a,,) is in ai. There 
are two cases to be considered. 
Case I: n = 2m + 1, A = (a,, a2 ,..., a,), and a, = a3 = a.. = azm+, # a2 = 
a4= ... =alm, where m is a positive integer >2. In this case, we let C = (a2, 
a3 ,..., a,,a,). Then AoA=~J’=~~~~+‘, AoC=C’!!,~~~, COC=~~~~‘, 
andCoA=2.HenceAoA-AoC<CoC-CoAand(4)holds. 
CaseII:A = (a,,a,,...,a,) and a, =... =a,#ai+,for some 2<i<n-2 
or a,-, #ai=aitl for some 2 < i < n - 1. In this case, we still let 
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c = (a,, a3 ,..., a,, ai). Now it is easy to see that A 0 A < 2” + 2”-’ and 
A o C > 2”-‘. Using the same argument used in the proof of Case I of 
Theorem 1 above, we can show that C 0 C - C 0 A > 2” - 2”-*. Therefore, 
A~A-A~C<2”+2”-2-2”-1<2”-2”-2<C~C-C~A and (4) 
holds. 
The proof of Theorem 2 is now complete. 
Remarks. (i) Theorem 2 is false if n = 3. For example, if n = 3, k = 2, and 
A = (l,O, l), then P(T, < 7’,) = P(T, < TA) and P(T, < 7’,) < P(T, < T,), 
where D = (0, 1, 1) and E = (1, l,O). Therefore, there does not exist an 
element C in Q: such that P(T, < 7’c) > P(T, < r,). 
(ii) Theorem 2 is also false if A = (a,, a2,..., u2,J in Q;t, such that 
ai f ai+ 1 for all i = 1, 2,..., 2m - 1, where m is a positive integer >2. The 
next theorem will tell us more about this case. 
THEOREM 3. If m > 2 and A = (a,, a2 ,..., a2,,-,, azm) is an element in 
Q!& such that a, # ai+, for all i = 1,2 ,..., 2m - 1, then 
w,4 < T.4,) = w4, < T.4) fori= 1,2, (5) 
Iv.4 < TD) < w, < TA) for all D in J2TM - WA, ,A& (6) 
where A, = (a,, a3 ,..., cZm, a,) and A, = (a,, a,,..., a,,-,, cZm, a,,-,). 
Proof. By the symmetric property, P( T, < T, ,) = P(T, I < TA). Since 
AoA=Cjm_,2 ‘j, A o A, = C,?32’, A,oA,=2’“‘+2, and A,oA=2, 
AoA-A~A~=A~~A~--A~~A=~~~. By Lemmal, P(T,<T,*)= 
P(TAz < T,). Now if D = (u2, a,, u3, a4 ,..., u2,,,), then A 0 A = cj”=,2”, 
A o D = 2, D o D = 22” + 2, and D o A = Cy=;’ 2”. Hence A 0 A -A 0 D > 
DOD-DoA and P(T,(T,)<P(T,<T,). If D=(a,,a,,...,a,,,-,, 
a,,~,,), then AoA=~~“=,~~, AoD=C~=;~~~~+‘, DoD=~‘~+~, and 
D o A = 4. Hence AoA-AoD>DoD-DoA and P(T,<T,)< 
P(T, < T,). Finally, if D = (d,, d2,..., d2,,,) is an element in a’& such that 
di=di+l for some 1<i<2m-3, then AcJA=C~“=,~~‘, AoD< 
-yyf22j+ 1, DoD<22”+~J’~,222i,andDoA>0.HenceAoA-AoD> 
DOD-DoAandP(T,<T,)<P(T,<T,). 
The proof of Theorem 3 is now complete. 
Remark. Since P(T, < TD) < P(T, < TA) for all D in a?’ - (A, A,, A*} 
and P(T, z < T,) = P(T, ( TA2), one would suspect that P(T,* < T,) < 
P( T, < TA ,) for all D in J2& - {A, A,, A2}. However, the following example 
shows that this is not the case. 
EXAMPLE 1. Let A,=(0,1,0,1,0,1,1,0), D,=(0,0,1,1,0,0,1,1), 
and D, = (0, 0, 1, 1, 1, 1, 0,O). Then it is easy to see that P(T,> < TDi) > 
P(TDi < TAJ for i= 1, 2. 
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Remarks. (i) All results above can be extended to the k-sided fair coin- 
tossing process. 
(ii) Theorems 1 and 2 above can also be extended as follows: for each 
positive integer n > 4 and 1 < k < n - 1, there is an open interval 
I, = (4 - a, 4 + a) such that Theorems 1 and 2 still hold if P(Y, = 1) = 1 - 
P(Y, =O)=p and pE I,, where a is a positive constant in (0,;) and 
depends on n and k. However, the proofs are much more complicated. The 
details will appear in a forthcoming paper entitled “On Independent and 
Identical Coin Tossing Processes.” 
(iii) Based on Theorems 1 and 2, for each element A in Qi, we would 
intuitively expect that about one half of the elements B in Gf: and one half of 
the elements C in 0: are such that P(Z’, < 7’,) < P(7’, < r,) and 
P(T, < Tc) > P(T, < r,). However, Theorem 3 tells us this intuition is false. 
For each integer n > 1, let fi,, = A IA = (a,, a,,..., a,,) E 52, and a, # ai+, 
for some 1 <i<n- 1). For each pairA and B in Q,,, we writeA <B if 
P(7’, < r,) > P(T, < r,). In [ 11, Chen and Zame showed that for each 
n > 4, each pair of elements A and B in fi,, then there exist two finite 
sequences (C,, C, ,..., C,} and {D,, D, ,..., D,} in fin such that A < C, < ..a < 
C,<B<D, <..+ < D, <A. We strongly believe that this result could be 
sharpened to the class QL with the following two conjectures. However, we 
have not been able to prove them. 
Two Conjectures. (I) If n f 2m, or n = 2m and k # m, then for each pair 
of elements A and B in af: (k = 1, 2,..., n - l), there exist two finite 
sequences {C, 3 CZ,..., C,) and (Dl, D2,..., D,) in fi: such that 
A < C, < ... <C,<B<D,<...<D,<A. 
(II) If n # 2m or n = 2m and k # m, then there exists a permutation 
F(i)] 1 < i< (;)i of { 1, 2,..., (;)} such that Axccll)) < AScl) < Aztz, < =a. < 
n((“k)), where Q,={Aill<i<((II)}, l<k<:n-1, n>4, and (;)=(n!)/ 
[k!(n -k)!]. 
The next theorem, which supports the two conjectures above, is interesting 
and can be proved easily by Lemma 1. 
THEOREM 4. For i = 1, 2 ,..., n, let Ai = (a, ,..., a, ,..., a,) and 
Bi = (b, )s*.) bi,..., b,) such that aj = 0 or 1 accordingly as j = i or j # i, and 
bj = 0 or 1 accordingly as j # i or j = i. Then 
A, <A,< ... <A,<A, (7) 
B,<B,<.+. <B,<B,. (8) 
Remark. Recently, Z. Z. Lin proved Conjecture (I) for certain particular 
values of k. 
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